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Abstract

Cassava mosaic disease (CMD) is transmitted by infectious whiteflies and infected planting
material. We investigate a deliberately reduced two-state host—vector model, derive its
reproduction threshold and equilibria, and formulate robust transmission suppression under
interval uncertainty. Positive invariance and global disease-free stability for Ro < 1 are established
analytically. Independently recomputed synthetic experiments examine subcritical, critical and
supercritical trajectories, equilibrium branches and nine constrained control-allocation scenarios.
For the illustrative baseline, Ro = 2 and the endemic equilibrium is (0.5625, 0.4286). Worst-case
control allocations enforce R. < 0.95 under prescribed upper transmission bounds; optimal
allocations depend strongly on relative effort weights. These results concern a stylised model
rather than calibrated field dynamics. Infected-cutting introduction, heterogeneous whitefly
ecology and empirical validation remain outside its scope. Stochastic dynamics and Koopman
forecasting are identified as future research rather than completed results.

Keywords: Cassava Mosaic Disease, Host—Vector Dynamics, Basic Reproduction Number,
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Koopman Operator, Extended Dynamic Mode Decomposition
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1. INTRODUCTION

Cassava mosaic disease (CMD) is caused by cassava mosaic begomoviruses and spreads through infected
stem cuttings and Bemisia tabaci whiteflies. The simultaneous operation of these transmission routes,
cultivar variation and spatial dispersal makes the design of effective control strategies challenging [1, 3, 6].
Surveillance research also emphasizes consistent measurements of disease incidence, severity and whitefly
abundance. Host—vector models provide interpretable threshold quantities but require careful specification
of their biological assumptions.

Existing mechanistic CMD models already include infected-cutting introductions, reproduction-number
analysis, global stability and intervention optimisation [3,13]. More detailed formulations address
non-cassava reservoirs [2], stage-structured whiteflies and vector feeding preferences [4], and
sensitivity-guided control [5,14]. Consequently, the present work does not claim priority for reproduction
thresholds or Lyapunov analysis. Instead, it isolates the transparent effect of rectangular uncertainty on a
reduced host—vector control constraint and independently tests the associated synthetic optimisation.

The objectives are to (i) establish the deterministic threshold and equilibrium results; (i1) derive worst-case
transmission suppression conditions under fixed bounded uncertainty; (iii) verify candidate control
allocations against feasibility and Karush—-Kuhn—Tucker conditions; and (iv) provide reproducible
numerical trajectories and parameter sweeps. Infected planting-material importation is intentionally
excluded; therefore, the disease-free equilibrium is relevant only in the absence of exogenous infected
introductions. No field-level forecast accuracy is asserted.

2. LITERATURE CONTEXT AND RESEARCH POSITIONING
2.1 CMD transmission and intervention modelling

Earlier CMD work has modelled both infected cuttings and whitefly infection and established stability and
policy implications [3]. Subsequent work has incorporated alternative host plants [2], stage-specific vector
development and feeding behaviour [4], and sensitivity-based intervention design [5]. Research on cassava
production and pest management also stresses the broader crop-system context [6]. A recent vector—host
cross-protection study further demonstrates that richer biological mechanisms can change bifurcation
structure [13]. These studies are not interchangeable with the present two-state formulation: omission of
cutting-mediated introduction and stage structure materially restricts biological interpretation. The
contribution here is a tractable uncertainty-to-allocation calculation, not a general replacement for richer
CMD models.

2.2 Stochastic modelling and Koopman methods

Stochastic and fractional-delay CMD frameworks have been investigated [7], while extended dynamic
mode decomposition (EDMD) supplies a finite-dimensional approximation of Koopman evolution
operators [8]. Neither stochasticity nor Koopman analysis automatically improves forecasts: diffusion
coefficients must respect the feasible state space, and predictive skill must be tested on held-out
time-ordered observations against mechanistic and persistence baselines. Spatial movement of planting
material and vectors can also be consequential in mixed-mode crop disease transmission [14]. These
aspects motivate future extensions, but they are not numerical findings of this paper.

2.3 Research gap and scope of novelty

The research gap addressed is narrow: how can rectangular uncertainty in effective host—vector
transmission be converted into an auditable worst-case threshold and minimum-effort allocation for a
normalized two-state system? Earlier CMD studies have already established much stronger
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epidemiological models [3-5]; the present work contributes a reproducible methodological illustration
rather than a claim of first-ever CMD robust control. Validation of uncertainty bounds, intervention
effectiveness and field relevance remains essential.

2.4 Contributions and limitations

e Derivation of the reproduction threshold and explicit equilibrium expressions for a two-state
normalized system.
A global disease-free stability proof, including the threshold case R, = 1.
A robust threshold condition for a rectangular uncertainty set and a constrained quadratic-effort
allocation formulation.
Synthetic numerical illustrations, clearly distinguished from empirical estimation.
A proposed, not yet implemented, stochastic and EDMD research workflow.

3. DETERMINISTIC HOST-VECTOR MODEL

Let x(t) € [0,1] be the fraction of infected cassava plants and y(t) € [0,1] the
fraction of infectious adult whiteflies at time t. The reduced system is [3, 2]

dx
o =B, —xy —ux,

L =B - y)x—pny. (1)

The parameters By, Bv, W, and p, are strictly positive. The coefficients B, and P, are effective per-time
transmission coefficients, not probabilities by themselves. The removal coefficients , and p, represent
aggregate turnover or loss processes in the normalized model. Host and vector totals are assumed constant.
Infected planting-material introductions and seasonal vector recruitment are not represented.

3.1 Positivity and boundedness

Define Q = [0,1]>. On the boundary x =0, dx/dt =,y 2 0; on x = 1, dx/dt = —p, < 0. Similarly, on
y =0, dy/dt = Bxx 2 0; on y = 1, dy/dt = —-p, < 0. The vector field is therefore inward-pointing or
tangent on each boundary face. Since the right-hand side is polynomial and locally Lipschitz, every
initial condition in Q generates a unique solution that remains in Q for all ¢t 2 0.

3.2 Disease-free equilibrium and reproduction number

The disease-free equilibrium is E, = (0,0). The next-generation matrices at E, are
F=(08,8,0) V=(,00n,)
The basic reproduction number is the spectral radius of FV':

R = p(FV )= E:ﬁ . (2)

v

Thus R, is a threshold quantity for the reduced model. Its epidemiological interpretation depends on the
model’s normalization and on how the effective rates are estimated.

3.3 Endemic equilibrium

At equilibrium, the equations give x = ay/(1 + ay) and y = bx/(1 + bx), where a = ,/u, and b = B/p.. A
positive equilibrium exists if and only if ab > 1, equivalently R, > 1. When it exists, it is unique and is
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given by

* _ ab—-1 * _ ab—-1
X = 0ra) Y =y 3)

Both components lie strictly between zero and one when ab > 1. If ab < 1, no
positive endemic equilibrium exists in the biological region.

3.4 Jacobian and local stability of the disease-free equilibrium

The Jacobian matrix of system (1) is

J@y)=(-By —w, B, -0B -y —Bx—n)
At the disease-free equilibrium,

](Eo) - (_ B, B, — “v)'

The eigenvalues are

W+

—_ —h L —u )
}\+ - 2 + 2\/(uh uv) U 48!1817'

An associated unnormalized eigenvector is v+ = (B, py + At)", whenever this representation is nonzero.

The trace is —(p, + ) < 0 and the determinant is pypv(1 = Ry?). Therefore E, is locally asymptotically
stable for Ry < 1 and unstable for R, > 1. At R, = 1, one eigenvalue is zero and linearization alone is
inconclusive.
3.5 Global disease-free stability
Theorem 1. The disease-free equilibrium E, is globally asymptotically stable in Q for R, < 1.
Proof. Define the Lyapunov function L(x,y) = Byx + w,y. Since B, and , are positive, L is nonnegative on
Q and vanishes only at E,. Along solutions of (1),

dL
T (Bth - “h“v)y B Bv(Bh + uh)xy. (4)
If R, < 1, then BBy - pupv < 0, so dL/dt < 0. For R, < 1, equality in (4) requires y = 0. The only
invariant subset of y = 0 is E,, because dy/dt = f,x > 0 whenever x > 0 and y = 0. At R, = 1, dL/dt =
—Bv(Brn + my)xy; the largest invariant subset of the zero-derivative set xy = 0 is again E,. The set Q is
compact and positively invariant, so LaSalle’s invariance principle implies global asymptotic stability. O

3.6 Local stability of the endemic equilibrium

For R, > 1, the endemic equilibrium E* is locally asymptotically stable. The trace of J(E*) is negative
because all parameters and equilibrium components are positive. Using the equilibrium identities B,y* =
wx*/(1 - x*) and Bux* = pyy*/(1 - y*), the determinant can be written as

det](E*) = uhuv[m - 1] > 0. ®))

For a two-dimensional system, negative trace and positive determinant imply that both eigenvalues have
negative real parts. Hence E* is locally asymptotically stable. This argument does not establish global
asymptotic stability of E*.

4. ROBUST TRANSMISSION UNCERTAINTY AND CONTROL
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Suppose the effective transmission coefficients are uncertain but lie in fixed intervals B, € [B,, B,'] and
B. € [Bv, B+, with positive endpoints. Let constant control intensities uy,u, € [0,1] reduce the effective

transmission coefhcients to (1 - u,)B, and (1 - u,)PBv. The controlled reproduction number is

RC _ \/ (1_uh)sl;uu)8hﬁv . (6)

v

4.1 Robust threshold proposition

Proposition 1. The disease-free equilibrium is locally asymptotically stable for every fixed admissible
transmission pair if

(1= w)(1 - w)BB, <wp, Q)

If the left-hand side of (7) exceeds w1, the disease-free equilibrium is unstable for at least one admissible
pair. At equality, the upper-corner linearization has a zero eigenvalue; nevertheless, global asymptotic
stability follows for that fixed pair from the Lyapunov argument in Theorem 1, with the controlled
transmission rates substituted.

Proof. The infected—state linearization is the Metzler matrix A = [[—n,, (1 —
u,)Bs), [(1 - w)By, —w]]. Its trace is negative, and its determinant is pypy = (1 = u,)(1 - uy)ByBy. It is
Hurwitz precisely when this determinant is positive. The product B,B. is increasing in each positive

transmission coefficient, so its maximum over the uncertainty rectangle occurs at (B, Bv'). The result
follows. O

4.2 Robust global disease elimination

Corollary 1. Under the strict inequality (7), the disease-free equilibrium is globally asymptotically stable in
Q for each fixed admissible parameter pair.

Proof. For each admissible pair, A is Hurwitz and Metzler. Hence there exists a strictly positive vector
w such that wTA is componentwise negative. With z = (x,y)7, the controlled nonlinear system has the
form z = Az - (cxy,cvxy)T, where ¢, = (1 — u,)B, and ¢, = (1 - u,)By are nonnegative. The function V
= w'z is positive for every nonzero z in 2, and V = wTAz - (chh + wzcv)xy <0Oforz#0. Thus Visa
strict Lyapunov function on Q and E, is globally asymptotically stable. o
4.3 Constrained effort-allocation problem
To maintain a prescribed worst-case safety margin, consider the quadratic objective

C (u

2 2
. uv) =cu +cu. (8)

subject to

(1= u) - )= S
0<u,u <0.95 &=0.05 9)

The margin € = 0.05 is a design choice, not an empirically estimated safety factor. The coefficients c, and
cy are hypothetical relative effort weights and are not monetary costs. The constraint ensures R. < 0.95 at
the upper-corner transmission values.
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4.4 Analytical check of the interior optimum

Let g = (1 — €)uu/(By'By’). r =1 — y, and s = 1 - u,. When the safety constraint is active
and the optimum is interior, rs = q. The first-order condition for minimizing the quadratic

objective becomes
c,r(l —r)=cs(l - s). (10)

Equation (10) supplies an independent check on numerical solutions. Any reported optimum should also
be checked against the bound constraints and the Karush—Kuhn—Tucker conditions. Solver convergence by
itself does not certify global optimality.

5. SYNTHETIC NUMERICAL EXPERIMENTS

All parameter values in this section are illustrative. They are not fitted to CMD observations, field
measurements or intervention trials. The purpose is to verify internal consistency and demonstrate the
consequences of the model assumptions.

5.1 Baseline parameterization

Parameter Ilustrative value Interpretation
Effective host-infection
Bl 0.60 .. )
transmission coefficient
Effective vector-infection
By 0.40 .. )
transmission coefficient
Host infected-state
ull 0.20
removal/turnover rate
Infectious-vector
L 0.30
removal/replacement rate
Prespecified robust safet
g 0.05 o 4
margin

For the baseline parameters, R, = 2 and E* = (0.562500, 0.428571). The disease—free
Jacobian eigenvalues are 0.242443 and -—0.742443. The independently
recomputed endemic Jacobian is

J(E*) ~ [[—0.457143, 0.262500], [0.228571, —0.5250001]1.

with eigenvalues -0.243784 and -0.738359 (order immaterial). These independently recomputed values
confirm local asymptotic stability of E*.

5.2 Threshold behaviour and equilibrium response

Because R, depends on the product B,f, and inversely on p, increasing either transmission coefficient
raises R, whereas increasing either removal coefficient lowers it. These monotonic statements follow
algebraically from equation (2). The equilibrium prevalence responses can be plotted using equation (3),
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with the disease-free branch used when R, £ 1. Parameter sweeps should identify the
exact ranges, number of grid points and threshold—crossing convention.

For B, = 0.15 with B, = 0.40, w, = 0.20 and p, = 0.30, R, = 1. This critical case approaches the disease-free
boundary under the model’s deterministic dynamics, but the convergence can be slower than in a strictly
subcritical case. For B, = 0.30, 0.60 and 0.90, the corresponding values are R, = 2, 2 and +6,

respectively.
5.3 Elasticity and threshold requirements

The normalized forward sensitivity indices of R, are obtained by differentiating equation (2):
1 1
Y =Y'"== Y°'=Y'=-— (11)

Thus the local elasticity magnitudes are equal by construction. The reduced model alone cannot rank
host-side and vector-side interventions without additional information about achievable intervention
effects, costs, uncertainty and implementation constraints.

Holding the other baseline parameters fixed, the strict subcritical conditions are B, < 0.15, B, < 0.10, w, >
0.80 or p, > 1.20 when changing one parameter at a time. These are mathematical threshold calculations,
not recommendations to change biological removal rates by those amounts.

5.4 Robust allocation scenarios

The nine allocations below are recomputed with constrained nonlinear optimisation; the objective is a
synthetic relative-effort index, not measured monetary expenditure. Control caps are 0.95, the worst-case
reproduction target is 0.95, and upper transmission bounds are multiplied by 1.0, 1.2 or 1.4. All reported
solutions are checked for constraint feasibility and first-order stationarity. Numerical results should not be
interpreted as field intervention recommendations.

Scenario cl] Cv ul uy Worst-case R.
Nominal 1 1 0.5250 0.5250 0.9500
Nominal 1 4 0.7631 0.0474 0.9500
Nominal 4 1 0.0474 0.7631 0.9500
Upper bounds +20% 1 1 0.6042 0.6042 0.9500
Upper bounds +20% 1 4 0.8376 0.0353 0.9500
Upper bounds +20% 4 1 0.0353 0.8376 0.9500
Upper bounds +40% 1 1 0.6607 0.6607 0.9500
Upper bounds +40% 1 4 0.8817 0.0268 0.9500
Upper bounds +40% 4 1 0.0268 0.8817 0.9500
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Interpretation must remain conditional: increasing the relative cost weight for one control channel shifts
the computed allocation toward the other channel, while larger uncertainty bounds generally require
stronger suppression to preserve the same worst-case margin. These are model-based implications, not
measured intervention effects.

5.5 Numerical reproducibility and limitations

Computations use Python, SciPy solve ivp (DOP853, relative tolerance 107, absolute tolerance 10'?) and
scipy.optimize.minimize (SLSQP, ftol 10'?). Initial infected fractions are x(0)=0.10 and y(0)=0.05; time is
in arbitrary model time units because the illustrative rates are not calibrated. Each allocation is computed
from multiple initial guesses. Constraint residuals and KKT stationarity checks are reported in the
reproducibility supplement. No observational data, uncertainty estimation or independent external
validation is claimed.

5.6 Independently generated numerical simulations

Figure 1 compares host and vector trajectories for , = 0.10, 0.15 and 0.60, with B, = 0.40, w, = 0.20 and p,
= 0.30. These correspond to R, = 0.8165, 1 and 2. Figure 2 traces the analytically
derived equilibrium branches as [, varies; Figure 3 shows control effort as uncertainty bounds
increase. All figures are synthetic, with no fitted parameters.

Figure 1. Deterministic trajectories across the threshold
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c
)
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Figure 3. Worst-case control allocations
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Table 2. Independently recomputed robust allocations (synthetic parameters).
Multiplier c¢l1 ¢y ull Uk Worst R. Effort KKT norm
1.0 1 1 0.5250 0.5250  0.950000 0.54875  3.le-16
1.0 1 4 0.7631 0.0474  0.950000 0.59138  2.2e¢-10
1.0 4 1 0.0474 0.7631  0.950000 0.59138 1.8e-14
1.2 1 1 0.6042 0.6042  0.950000 0.68663  0.0e+00
1.2 1 4 0.8376 0.0353  0.950000 0.70653  3.6e-15
1.2 4 1 0.0353 0.8376  0.950000 0.70653  2.9e-15
1.4 1 1 0.6607 0.6607  0.950000 0.76977  0.0e+00
1.4 1 4 0.8817 0.0268  0.950000 0.78029  3.8e-10
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1.4 4 1 0.0268 0.8817  0.950000 0.78029  3.8e-10

All nine runs achieved worst-case R. < 0.950001; maximum absolute constraint violation = 4.41e-14;
maximum interior stationarity residual = 3.83e-10. These checks establish numerical feasibility and
approximate first-order stationarity, not independent global optimality.

6. PROPOSED STOCHASTIC AND KOOPMAN-BASED EXTENSIONS
6.1 Candidate stochastic formulation
A possible stochastic extension is

ax, = [B,(1 = X )Y, = wX Jde +0,X (1 - X Jaw,,
dy = [Bv(l - Y )X, - uth]dt +oY (1—Y)aw, (12)

Here W, and W, are independent standard Brownian motions and o,, o, > 0. The diffusion terms vanish
at the boundary, but invariance of the square must be established under a precise stochastic viability
argument. A complete stochastic analysis would separately address global existence, state-space
invariance, extinction, persistence and the relation between noise intensity and threshold behaviour.

None of these stochastic theorems is claimed as proved in this manuscript.

6.2 EDMD data and evaluation protocol

For observations z, containing plant infection, infectious-vector prevalence and relevant covariates, form
snapshot pairs (z,,z..,) at a fixed sampling interval At. Select and document a dictionary y(z), for example
constant, linear, quadratic and biologically motivated cross terms. Define [8]

M
G = %kgl ""(Zk)qj(zk)T’

M
T
= %Z Lp(zk)qj(zk+1) ' )
k=1
The operator matrix depends on the chosen row/column convention for observables; this convention must
be stated consistently before calculating eigenvalues, modes and forecasts. Regularization should be tuned
using training-only validation. Chronological training, validation and test partitions should be used to
avoid information leakage. [8]

Compare EDMD forecasts with persistence, deterministic ODE and, where appropriate,
stochastic-ensemble baselines. Report one-step and multistep RMSE and MAE, and evaluate uncertainty
calibration if predictive intervals are produced. No EDMD accuracy or superiority claim is made without a
suitable observed dataset.

7. DISCUSSION

The independently generated trajectories support the analytical distinction between subcritical elimination,
slow critical decay and convergence to a positive endemic equilibrium in the supercritical case. The
equilibrium continuation identifies a forward threshold at Rj=1, while robust allocations show the trade-off
between uncertainty size and relative effort costs. These conclusions are model-internal: the assumed
constant total plant/vector populations and omission of infected cuttings are substantial limitations. In
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particular, importing infected planting material can invalidate the disease-free equilibrium of the simplified
model [3].

For fixed admissible transmission coefficients, the robust inequality yields a strict worst-case threshold for
local stability and global elimination in the reduced model. The equality case deserves precision: the
linearisation is non-hyperbolic, but the same LaSalle argument as in Section 3.5 establishes global
disease-free stability for fixed nonnegative controlled transmission coefficients at equality. Thus strict
inequality is necessary for uniform Hurwitz linearisation, not for nonlinear asymptotic stability at the
critical threshold.

The numerical allocations depend on assumed effort weights, suppression caps and rectangular uncertainty
bounds. Neither their empirical attainability nor their real costs have been measured. More realistic
research should incorporate planting-material infection, seasonal vector dynamics, parameter
identifiability, control-effect estimation and prospective field data. EDMD forecasting must remain a
separate validated study rather than an implied result of these synthetic ODE simulations.

8. CONCLUSION

This study establishes analytical threshold properties for a reduced cassava host—vector system and
supplies reproducible synthetic tests of trajectories, equilibrium continuation and nine robust control
allocations. The model predicts elimination for Ry<1 and a unique locally stable endemic
equilibrium for R;>1. Robust allocation demonstrates how worst-case uncertainty and relative effort
weights alter mathematically feasible control combinations. These findings are not estimates of actual
CMD incidence or intervention efficacy. Field-calibrated transmission, infected-cutting importation and
independent forecast evaluation are required before operational recommendations can be made.
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